We analyze the branching ratio for the FCNC mode K + → π + νν in the standard model with QCD effects taken into account consistently to next-to-leading order. This involves a two-loop renormalization group analysis for the charm contribution, presented in this paper, and the calculation of O(α s ) corrections to all orders in m t /M W for the top-quark case that we have described elsewhere.
Introduction
The rare decay mode K + → π + νν is one of the most interesting and promising processes in the rich field of rare decay phenomenology [1, 2] and has already received considerable attention in the past [3, 4, 5, 6, 7, 8] . The main reasons for this interest may be summarized as follows:
+ νν is a "clean" process from the theoretical point of view:
• It is short-distance (SD) dominated. Possible long-distance contributions have been considered in [9, 10] and found to be negligibly small (three orders of magnitude smaller than the SD contribution at the level of branching ratios).
• Being a semi-leptonic process, the relevant hadronic operator is just a current operator whose matrix element can be extracted from the leading decay
Consequently this decay can be reliably treated by the available field theoretical methods.
The effective low-energy interaction mediating K + → π + νν is a flavor-changing neutral current (FCNC). While being forbidden at the tree level, FCNC's can be induced through loops containing virtual heavy quarks. Therefore K + → π + νν
• probes the standard model at the quantum level, thereby allowing for an indirect test of high energy scales through a low energy process,
• is sensitive to the unknown top quark mass m t and
• depends on the top quark couplings V ts and V td .
Thus combined theoretical and experimental efforts may yield very desirable information on parameters of the symmetry breaking sector in the standard model -the part of the theory least understood theoretically and containing the least known parameters such as the top mass and its CKM couplings. In particular it should be stressed that K + → π + νν is probably the cleanest process to search for V td .
The K + → π + νν mode has not yet been observed experimentally. The published upper bound on the branching ratio is [11] B(K + → π + νν) exp ≤ 3.4 · 10
A preliminary result from E787 at Brookhaven [12] gives an improved value of
which is still well above the theoretical expectation of O(10 −10 ), but a considerable improvement is expected from upgrades planned for the coming years and designed to reach the 10 −10 level [13] .
After these general introductory remarks let us now turn to a more detailed discussion of the basic structure of the physics underlying K + → π + νν . The low energy effective hamiltonian relevant for the process K + → π + νν may be written as follows
where
W and X(x) is a monotonically increasing function of x to be given below. This hamiltonian consists of two parts: a top-quark and a charmquark contribution, which originate to lowest order in the standard model from the Z-penguin-and box-diagrams shown in fig.1 . By writing the hamiltonian in this form, the GIM mechanism is already incorporated and the up-quark contribution is understood to be subtracted from top-and charm-loops. In particular then X(x) has the property X(0) = 0.
It is a characteristic feature of the K + → π + νν decay amplitude that both top and charm contributions are of comparable size, since the smallness of X(x c ) in comparison to X(x t ) (due to m c ≪ m t ) is compensated by the strong CKM suppression of the top contribution. By contrast this suppression is absent e.g. for the CP-violating mode K L → π o νν, where the branching ratio is determined by the imaginary part of the amplitude, or for rare B-decays such as B → X s νν and B → l + l − . Therefore the charm contribution is completely negligible in these latter processes.
The short-distance electroweak loops of fig.1 receive calculable radiative corrections through gluon exchange. Until recently these QCD corrections have been known only to leading logarithmic (LLA) accuracy [4, 5, 6] . In this approximation the charm contribution to the K + → π + νν amplitude is reduced by about 35% through QCD effects. Since due to m t = O(M W ) no large logs are present in the top contribution, this part remains uncorrected in LLA. As a consequence a non-negligible theoretical uncertainty remains due to the choice of the arbitrary renormalization scale µ at which the top mass m t (µ) is defined. Although the effect of varying µ around values of O(m t ) is formally of the neglected order O(α s ), it amounts numerically to an uncertainty of 20%-30% for branching ratios. This issue has been discussed in detail in our previous papers [14, 15] where we have calculated the complete O(α s ) corrections to the top contribution for a class of rare decays governed by Z-penguin-and box-diagrams. This allowed us to give improved expressions, including the O(α s ) corrections, for the branching ratios of those decays that are top-quark dominated (K L → π o νν, B → X s νν, B → l + l − ) and to show that the scale ambiguities in the branching ratios are thus reduced from O(25%) to typically O(3%).
The main objective of the present study is to perform a complete renormalization group analysis of the charm contribution to K + → π + νν in the next-toleading logarithmic approximation (NLLA). Going beyond LLA is mandatory for consistency with the QCD corrected top-quark contribution. Furthermore it will decrease considerable theoretical uncertainties due to the choice of µ = O(m c ) present also in the charm sector. The remaining uncertainties will however be bigger than the ones in the top-sector due to the smaller scales involved at which α s (µ) is larger and QCD perturbation theory less accurate. Combining the result with the QCD corrected top contribution from [15] will provide us with the final theoretical expression for B(K + → π + νν) which includes the short-distance QCD effects consistently at the next-to-leading-log level.
At this stage we would like to recall the strong dependence of B(
on the choice of m c as emphasized in particular by Dib [7] and by Harris and
Rosner [8] . These authors varying m c in the range 1.2GeV ≤ m c ≤ 1.8GeV
have found a 40-50% uncertainty in B(K + → π + νν) which is clearly disturbing.
This large range for m c chosen in [7, 8] is at first sight surprising because in a decay like K + → π + νν the presence of the charm quark is only felt in the short distance loop and consequently it is evident that for m c the current quark mass value should be used. For the latter however one has m c (m c ) = 1.3 ± 0.1GeV [16, 17] . On the other hand there is an ambiguity in the choice of the scale in m c and the use of m c (µ) with µ = O(m c ) in the calculation of B(
is perfectly legitimate. With m c (m c ) given above and 1GeV ≤ µ ≤ 3GeV one effectively ends up with a range for m c (µ) very similar to the one chosen for m c in [7, 8] . Consequently if one uses the leading order expressions as done in [7, 8] , the uncertainty due to the treatment of m c is quite substantial. One of the important results of the present analysis is that the inclusion of next-to-leading corrections reduces considerably the uncertainty due to m c stressed in [7, 8] .
In order to further motivate the present calculation it is instructive to recall the relevant formulae for the top contribution [15] and discuss their implications for the charm case. The function X(x) in (3) is to O(α s ) and without approximation in m/M W given by eqs. (8)- (11) . In the case of charm (x c ≈ 3 · 10
it is not necessary to keep all orders in m/M W . We will restrict ourselves to keeping only terms linear in x, neglecting the order O(x 2 ), which is an excellent approximation. Indeed in this case one can write the function X from (8) with an error of less than 0.1% as (µ = m c ; a ≡ α s /4π)
It is instructive to take a closer look at the numerical values of the five terms in 
Several lessons can already be learned from this simple exercise:
• One can see very clearly that straightforward perturbation theory is not reliable in this case as the O(a) correction amounts to more than 50% of the lowest order result.
• A renormalization group treatment is therefore mandatory. The LLA consists in summing the first and third terms in (4), (5) and similar terms O(xa n ln n+1 x) to all orders in perturbation theory.
• However the fourth term, neglected in LLA, is still quite sizeable. We can see explicitly that a next-to-leading log summation is very desirable:
it resums all the terms of O(xa n ln n x), in particular the second and the fourth term above.
• The non-leading mass term in the lowest order expression (− 1 4 x) is consistently taken into account within NLLA.
• The suppression of the charm contribution by leading-log QCD corrections is reflected in the negative sign of the O(ax ln 2 x) correction term. The positive next-to-leading log contribution indicates that this suppression tends to be weakened in NLLA. This will be confirmed by the exact result discussed in section 5.
• The last term above is formally of the order O(ax) and therefore neglected even in NLLA. Unfortunately it has a relatively large coefficient and gives roughly a 10% contribution. This number gives a hint on the remaining uncertainty to be expected.
It is evident from this discussion that, given the high interest in the rare decay mode K + → π + νν and considering the theoretical situation, it is worthwhile to perform the full next-to-leading order analysis in order to be able to reduce disturbing theoretical uncertainties.
Our paper is organized as follows. Section 2 briefly collects some of the most important results. In sections 3 and 4 we will describe in some detail the formalism necessary for the two-loop renormalization group calculation in the charm sector for the Z-penguin-and the box-part respectively. In section 5 the results will be combined and the implications regarding the size of the corrections and the dependence on the renormalization scale will be investigated. In section 6 we combine both charm and top contributions and discuss phenomenological consequences for K + → π + νν . In particular we address the determination of V td from this decay and we discuss the implications of our calculations for the unitarity triangle. The calculation of next-to-leading order corrections to the decay
− is very similar to K + → π + νν and will be presented in section 7 for completeness. Unfortunately, due to insufficiently known long distance contributions this decay is less useful for the determination of CKM parameters. We end our paper with a brief summary of the main results.
The Main Formulae of this Paper
Before entering the detailed discussion we find it useful to collect in this section the most important results of the present paper.
First of all, the complete effective hamiltonian relevant for K + → π + νν can be written as
The K + → π + νν branching ratio obtained from (6) is, for one single neutrino flavor, given by
Here index l (l=e, µ, τ ) denotes the lepton flavor. The lepton mass dependence in the top-quark sector can be neglected. The function X(x), relevant for the top contribution, is to O(α s ) and to all orders in m/M W given by (a ≡ α s /4π)
with [3] 
and the QCD correction [14, 15] 
The µ-dependence in the last term in (10) cancels to the order considered the µ-dependence of the leading term X 0 (x(µ)). The corresponding expression for the charm sector is the function X l N L . It results from the RG calculation in NLLA and reads as follows:
K + = K 6 25
Here
and m l is the lepton mass. We will at times omit the index l of X l N L . In (13) - (16) the scale µ = O(m c ). The two-loop expression for a(µ) is given in (44). Again -to the considered order -the explicit ln(µ 2 /m 2 ) terms in (13) and (16) cancel the µ-dependence of the leading terms.
Expressing CKM elements through the Wolfenstein parameters λ, A, ̺ and η with λ = 0.22 and summing over the three neutrino flavors we finally find
Formula (17) together with X(x t ) and X l N L given in (8) and (12) respectively gives B(K + → π + νν) in the standard model with QCD effects taken into account consistently to next-to-leading order. The leading order expressions are obtained (13) and (16) by retaining there only the 1/a(µ) terms. In LLA the one-loop expression should be used for α s . This amounts to setting β 1 = 0 in (44). A numerical analysis of (17) and (18) together with related issues will be presented in section 6 . Numerical values of X l N L can be found in section 5.
RG Calculation for the Z-Penguin Contribution
In the present section we will outline the basic formalism needed to perform the renormalization group analysis to next-to-leading order in the charm sector of the decay K + → π + νν. We start our discussion with the Z-penguin contribution which is slightly more complicated than the box contribution. Having derived the former, which can be done in closed form, it will be staightforward to obtain the expression for the box contribution in the next section.
The calculation consists of the following three steps:
• In the first step the W and Z bosons being much heavier than the charmquark are integrated out and the resulting effective hamiltonian is written down with matching conditions set up at µ = M W .
• The renormalization and mixing of the operators contributing to thesd → νν transition amplitude is calculated to two-loop order. The corresponding renormalization group equation is solved and the scale µ is evolved down to lower values.
• For the actual calculations we took external quarks massless and on-shell, which is the most convenient possibility. Since we are computing the short distance coefficients of an operator product expansion, the treatment of external lines is arbitrary and the final result does not depend on this choice. Furthermore we used dimensional regularization for both UV-and IR-divergences. We have employed Feynman gauge for the gluon and the W-boson field throughout the present work.
Step 1
After the W and Z bosons have been integrated out, the effective hamiltonian responsible for the Z-penguin contribution may be written as (λ c = V * cs V cd )
where the operator basis is in the definition of Q in order to streamline the notation for the anomalous dimension matrices to be discussed below.
As the first step we have to find the Wilson coefficients at M W to next-to-leading order. These can be written as follows (
In the NDR-scheme (MS, anticommuting γ 5 in D = 4 dimensions) one gets
where N is the number of colors. The calculation of the scheme dependent nextto-leading order terms B ± has been discussed in detail in [18] . The value of B 3 as well as the zero entry in (25) follows from matching thesd →νν amplitude calculated in the effective theory (19) onto the amplitude in the full theory to O(a)
at µ = M W . To this end the renormalized matrix elements of the operators O ± are needed. They correspond to the diagram of fig.2 and read in the NDR-scheme
±3 given in (47). Using (28) and comparing the matrix element of (19) with the amplitude in the full theory
gives the value of B 3 quoted in ( 
Step 2
In the next step we have to discuss the renormalization group evolution. The anomalous dimensions for O ± , to be denoted by γ ± , are known to two-loop order and have been calculated in [18, 19] in various renormalization schemes. Here we use the NDR result of [18] . The anomalous dimension of Q, denoted by γ 33 , is also known to the same order. It depends only on the anomalous dimensions of the mass and the coupling constant as is evident from the definition (23).
What remains is the mixing of O ± to Q (γ ±3 ). The corresponding elements of the anomalous dimension matrix are obtained as usual from the divergent parts of the diagrams in figs. 2 and 3. The one-loop mixing has been considered in [4, 5, 6] . The two-loop case required for the present investigation is calculated in the present work and the results will be given below. In short, the anomalous dimension matrix has in the operator basis {O + , O − , Q} the general form
It governs the evolution of the Wilson coefficient functions by means of the renor-
Note in particular that the evolution of v ± is unaffected by the presence of Q.
To proceed we briefly recall the general method for the solution of the renormalization group equation (31) in next-to-leading order, which we find useful also for the special case at hand. We follow [20] .
The anomalous dimensions of the operators {O ± , Q}, γ, and of the coupling constant, β(g)/g, are in second order of perturbation theory
We also need the anomalous dimension of the mass
The solution of (31) can be expressed in terms of an evolution matrix
is the evolution matrix in leading logarithmic approximation:
and γ (0) is the vector containing the diagonal elements of the diagonal matrix
and a matrix S whose elements are
the matrix J is given by
In our case the 3 × 3 matrix J has the structure
similar to γ T in (30).
We will now collect various expressions which enter the renormalization group functions discussed above.
For the QCD coupling in NLLA we use the form
. The parameters of the β-function and of the anomalous dimension of the mass are (with N(f ) the number of colors (flavors))
The nonvanishing elements of the anomalous dimension matrix read
The expressions γ (1) are in the NDR-scheme. The matrix V in (39) is
Furthermore we define (see (14))
With all these formulae at hand we are now able to obtain the coefficients v at scales µ ≪ M W by means of (36). We find
where J + ≡ J 11 , J − ≡ J 22 and
Step 3
The last step consists in integrating out the charm-quark. This is done by matching the effective theory in (19) onto an effective theory without the operators O ± at a scale µ = O(m c ). Below this scale the hamiltonian involves the single operator Q. The effects of the charm field being removed from the theory as an explicitly appearing degree of freedom are then still indirectly present in the modified coefficient of Q. Effectively this step is accomplished by inserting O ± of (28) into (19).
Final Result for the Z-Penguin
Collecting the results of the three steps and using (19) we obtain the final expression in NLLA for the charm contribution to the Z-penguin part of the effective hamiltonian, suitable for scales below µ = O(m c ):
To the order considered the terms of O(a) in v ± (µ) have to be dropped. C N L is the generalization of the lowest order function C 0 (x) (see (55)) that includes the QCD corrections in NLLA. In fact
We will discuss this result in more detail later on.
It is useful to express the running charm quark mass m(µ) in terms of m(m), which we use as an input parameter:
Setting N = 3 and f = 4 in (54) we then obtain formula (13) quoted in section 2.
We have performed the renormalization group evolution in an effective four-flavor 
Renormalization Scheme Independence
To conclude this section we turn to the question of renormalization scheme dependences and their cancellation. This issue is well known and has already been discussed elsewhere (see e.g. [20] ). However since the application of the nextto-leading renormalization group formalism to the case considered here is new and the explicit expression of C N L clearly involves scheme dependences whose cancellation may not be entirely obvious from (52), we find it useful to give a short account of this subject in explicit terms.
In essence the scheme independence of a matrix element of the effective hamilto-
nian (19) is trivial since it is proportional to
which is manifestly scheme independent. Different choices of the scheme just shift finite O(a)-terms between the coefficients and the operator matrix elementsthis freedom is in fact the reason why the unphysical coefficients are scheme dependent. More explicitly these quantities are in different schemes related by
where s is a constant 3 × 3 matrix of the form
implies
we have from (37)
If we use the relation between J and γ (1) (from (40) -(42))
we obtain the transformation property of the anomalous dimensions under a change in the renormalization scheme:
Given these general formulae one can easily clarify the cancellation of scheme dependences in all particular cases or convert scheme dependent quantities from one scheme to another, if desired. To be more specific, let us consider expression (52). The first line being a function of one-loop anomalous dimensions and the coupling constant only is obviously scheme independent. The coefficient of a(M W )
is scheme independent since the scheme dependences in J and B i cancel in the (26), (58) and (62)). The scheme dependences in the coefficient of a(µ) remain and are responsible for the scheme dependence of v 3 (µ). We have, using (52), (62) and
On the other hand, up to terms of the neglected order (note that
Eq. (66) reflects the arbitrariness one has in the subtraction of finite constants when defining the renormalized matrix elements O ± . The scheme dependences in (65) and (66) cancel in the sum, which essentially represents the function C N L .
The cancellation of the µ-dependence will be discussed in section 5.
RG Calculation for the Box Contribution
After the detailed exposition of the Z-penguin contribution in the preceding section it is straightforward to repeat the analysis in the analogous, but somewhat simpler case of the box. We will briefly summarize the essential steps.
Step 1
When the W boson is integrated out, the hamiltonian relevant for the box diagram is given by
In order to find the initial conditions for the coefficients c i we need the renormalized matrix element of the operator O. Calculating the diagram of fig.4 we find in the NDR-scheme
Inserting this result into (67) and comparing with the amplitude in the full theory given by
implies the initial values for the Wilson coefficient function in the NDR-scheme
Step 2
The anomalous dimension matrix in the basis {O, Q} has the form
with the perturbative expansion
The anomalous dimensions γ
12 , γ
12 , describing the RG mixing of operator O with Q follow from the divergent parts of the diagrams in fig.4 and fig.5 respec-
12 has been calculated in [4, 5, 6] . γ The matrix V needed to diagonalize γ
is given by
Furthermore, the matrix J defined in (42) can in this case be written as
The nonvanishing elements of the anomalous dimension matrix are
22 /2β 0 we then find for the solution of the renormalization group equation
Step 3
The last step consists of integrating out the charm quark. This adds an additional contribution to the coefficient of the operator Q which in view of (80) 
Final Result for the Box Contribution
Collecting all this and using (67) we finally obtain the effective hamiltonian induced from box diagrams with charm, including the NLL QCD effects between the scales M W and µ = O(m c ):
(82) is written here for one ν-flavor. The index (1/2) refers to the weak isospin of the final state leptons.
If we set N = 3, f = 4 and use (56) we arrive at the expression given in (16).
We would like to add a few important remarks.
• As usual we are working in the NDR-scheme; all scheme dependent quantities that we have given above (one-loop initial values and two-loop anomalous dimensions) refer to this scheme. However in the case of the box contribution there is an additional scheme dependence involved which arises from the treatment of the particular Dirac structure. In our calculation we have used the following projection
A different treatment of this expression would lead to different values for B 2 and γ
12 and would correspond to a different renormalization scheme. This "projection scheme dependence" of course cancels in the final result provided coefficient and anomalous dimension are evaluated consistently.
• The proof of the cancellation of all scheme dependences (e.g. the projection scheme dependence mentioned above) proceeds in the same way as discussed at the end of section 3.
• The operator O contains quark fields only in the form of local currents and therefore has no anomalous dimension. This feature is reflected in the structure of the anomalous dimension matrix in (73). As a consequence the coefficient c 1 of O is µ-independent (80).
• In contrast to the case of the Z-penguin the box contribution involves an additional mass parameter m l , the mass of the internal charged lepton in the box diagram. While m l can be neglected compared to the charm mass N L are given in (13) and (16) respectively. Combining these functions, which depend on the W-boson gauge, into the gauge independent combination
we can next write down the final result for the charm contribution to the effective hamiltonian
We proceed to discuss various aspects of this result in what follows.
Let us first compare the charm-with the top-contribution as obtained in [15] . In the case of the top the internal quark mass is large and comparable to M W so that no large logarithms appear. The charm mass on the other hand is very much Recall that the function X in (8) consists of a Z-penguin-and a box-part C and B, respectively
Keeping only terms linear in x in the exact results of [15] we have (m l = 0)
4B(x, +1/2) . = x ln x + x + a 4x ln 2 x + 44 3 x ln x + 52 + 4π
Expanding now the RG-functions C N L and B
(1/2) N L (for r = 0) in (13) and (16) to O(a), thereby "switching off" the renormalization group summations, we obtain in fact the first four terms in (88) and (89) respectively. Let us mention a few interesting points.
• The last terms in (88), (89) are of O(ax) and go beyond the NLLA; therefore they can of course not be obtained from C N L and B N L .
• A comparison of B N L , expanded to O(a), with (89) may also be used to determine the two-loop anomalous dimension γ (1) 12 . Once γ (1) 12 is known, the full next-to-leading order expression for the box can be obtained. This observation allows to circumvent the explicit evaluation of the two-loop diagrams in the effective theory ( fig.5 ) -the information on γ (1) 12 is already contained in the calculation of B(x, +1/2) in [15] .
• By contrast, the same exercise for C N L shows that (88) only yields the value for (γ ±3 separately it is necessary to investigate the calculation in the effective theory ( fig.3 ). Still this feature can be used as a cross-check.
An important issue is the independence of the physical amplitude on the renormalization scale µ. Since in our case the operator (sd) V −A (νν) V −A has no anomalous dimension, also the coefficient functions C, B and X are µ-independent. However, because we are working in perturbation theory, the µ-independence is valid only up to terms of the neglected order. As a side remark we mention that the renormalization scale µ appearing in our final expressions C N L and B N L can be viewed also as the scale at which the charm quark is removed from the effective theory. This interpretation is clear from step 3 of the derivation given in section 3. Although this scale should be of the same order as the charm quark mass, it is not necessary that µ equals m c exactly. Therefore we have displayed the µ-dependence explicitly in our formulae and have not set µ = m c . This allows us in particular to investigate the residual µ-dependence. To do so consider first the leading-log parts of C N L and B N L (in (54) and (83)) and their variation with µ:
We can see that the residual µ-dependence for the leading-log result is of the order O(x). Formally terms of this order are neglected in LLA and the results are µ-independent to the order considered in this approximation. Numerically however the residual µ-dependence is quite pronounced as we will see below.
Furthermore we note again that treating QCD corrections in LLA and keeping the non-logarithmic O(x) terms in X 0 (x) would strictly speaking be inconsistent; a variation of the scale µ, which is not fixed in LLA, would give rise to terms of the same order. Similarly the non-negligible contribution from the tau-lepton mass term is a next-to-leading order effect (see (83)).
All these considerations underline once more that the leading-log approximation is unsatisfactory. An improvement can only be achieved by going beyond the leading order. In particular in NLLA the µ-dependence of O(x) in the leading order terms of C N L and B N L given in (90) and (91) is cancelled by the explicitly µ-dependent terms appearing at next-to-leading order, as is evident from (54) and
(83). As a result the remaining µ-dependence is O(ax) instead of O(x).
What this amounts to numerically is illustrated in fig.6 where we have plotted the charm-function X N L (for m l = 0) compared to the leading-log result X L and the case without QCD for values of µ between 1 and 3 GeV . We observe the following features:
• The residual slope of X N L is indeed considerably smaller in comparison to X L , which exhibits a quite substantial dependence on the unphysical scale µ. The variation of X (defined as (X(1GeV ) − X(3GeV ))/X(m c )) is 18.8%
in NLLA compared to 52.7% in LLA.
• As already anticipated in the Introduction, the suppression of the uncorrected function through QCD effects is somewhat less pronounced in NLLA.
• The next-to-leading effects amount to a ∼ 10% correction relative to X L at µ = m c . However the size of this correction strongly depends on µ due to the scale ambiguity of the result. This means that the question of how large the next-to-leading effects compared to the LLA really are cannot be answered uniquely. Therefore we focus our attention on the more important issue of the µ-dependence and its reduction in NLLA.
Whereas it is meaningful to use Λ M S in X N L one has no control on the exact 6 Phenomenological Implications for
νν, V td and the Unitarity Triangle
General Expressions
In the present section we will finally discuss the expression for the branching ratio of K + → π + νν , including the complete O(α s ) corrections to the top contribution and the renormalization group result in NLLA for the charm part. As applications we will discuss consequences for a possible determination of |V td | from a measured B(K + → π + νν) and the impact of our results on the unitarity triangle. In our presentation we follow chapter 6.2. of [1] . There a detailed investigation of the K + → π + νν phenomenology has been performed with QCD corrections treated in LLA. While the discussion in [1] concentrated on the various uncertainties arising from standard model parameters like CKM elements and quark masses, we will put emphasis on the theoretical uncertainties due to residual dependences on the renormalization scale.
Taking (7), summing over the three neutrino flavors and expressing CKM variables in terms of the Wolfenstein parameters λ, A, ̺ and η, we obtain for the branching ratio
Using the numerical values for various parameters as collected in (101) and (102) we find the expressions quoted in section 2. Here and in the following we have used the QCD corrected top contribution X(x t ) as it stands and made no effort to expand functions of X(x t ) to first order in α s . For renormalization scales not too far from m t this is anyway irrelevant numerically.
Eq.(92) defines a circle in the (̺, η) plane with center at (̺ o , 0), where
and with the radius squared
Here we have defined
The restriction to leading logarithmic accuracy in the above formulae is made by
should be set to zero in LLA for consistency as discussed in section 5.
We recall a few important definitions related to the unitarity triangle in the (̺, η)
plane. First we introduce [1] 
To a very good approximation these can be expressed in terms of ̺ and η as
The circle defined in the (̺, η) plane by the value for B(K + → π + νν) ( (94) and (95)) intersects for the allowed range of parameters with the circle determined by a value for R b . This allows to determine R t . One finds
The Analysis of |V td |
The modulus of V td is obtained as We note that besides A (or |V cb |) and m t the value of R b (or |V ub /V cb |) is needed together with the branching ratio in order to extract
Before discussing numerical examples we will now compile the input parameters necessary for the analysis. We take
The remaining parameters are given in table 2 The various uncertainties in all these parameters result in a rather large range of predicted values for B(K + → π + νν), typically (1 − 6) · 10 −10 . Similar uncertainties exist for the determination of |V td | from the branching ratio [1, 7] .
However, these uncertainties from input parameters should be distinguished from the uncertainties arising due to the µ-dependences of the physical amplitudes, which have their origin in the truncation of the perturbation series. The parameters could in principle be considered as determined from somewhere else and in the ideal case known without errors. However even in this case there would still remain the µ-scale ambiguity which constitutes the intrinsic uncertainty of the theoretical prediction. An improvement in this issue would require going even beyond NLLA.
For these reasons we will focus our attention on the scale ambiguity and compare LLA and NLLA in this respect. As an illustration of this point let us consider the determination of |V td | via (100). We fix all input parameters at their central values but allow a variation of the renormalization scales within the ranges 1GeV ≤ µ c ≤ 3GeV and 100GeV ≤ µ t ≤ 300GeV in the charm-and the topsector, respectively. The variation of the unphysical scales µ c and µ t is of course not unique. To avoid large logarithms µ c and µ t should however not deviate too much from m c and m t respectively. Our ranges of µ c , µ t , chosen for definiteness, satisfy this requirement. The ensuing variations in predictions of physical quantities are to be understood as indications for typical theoretical uncertainties to be expected due to the truncation of the perturbation series.
We find theoretical prediction by a factor of more than 4 compared to the LLA will be very important. In order to show this more explicitly we plot in fig.8 |V To summarize: Whereas in LLA the scale ambiguity would be the main uncertainty in |V td | provided m t and B(K + → π + νν) have been accurately measured, the main uncertainty after our calculation of next-to-leading order corrections comes from the value of V cb or A.
The Impact on the Unitarity Triangle
It should be emphasized that the measurement of B(K + → π + νν) will not only determine |V td | but also constrain the shape of the unitarity triangle. Indeed the parameters ̺ and η can be determined from B(K + → π + νν) once R b , |V cb | and m t are known. We find
with ̺ o and r o given by (94) and (95). η is bound to be positive when the experimental result for the CP violating parameter ε is taken into account [1] .
Here we would like to discuss the sensitivity of r o , ̺ o , ̺ and η to the choice of renormalization scales. We first note following [1] that the second term in (95) is negligible. Consequently
is entirely determined by the top contribution to K + → π + νν. Now as we stressed in [14, 15] and in discussing |V td | above, the scale dependence in X(x t ) is after the inclusion of next-to-leading order corrections reduced from O(10%) to O(1%).
Consequently the theoretical calculation of r o is fully under control once A, m t and B(K + → π + νν) have been precisely measured.
In The impact of our calculations on the accuracy of determining the unitarity triangle is quite impressive. We note that the reduction in the uncertainty in ̺ may allow to resolve the two-fold ambiguity (̺ > 0, ̺ < 0) present in the analysis of the CP-violating ε-parameter. We note also that the 40% uncertainty in B(K + → π + νν) present in LLA is reduced to 11% in NLLA. This is also seen in fig.10 where
given as a function of m t for central values of the parameters. The meaning of the curves is as in fig.8 .
Beyond Leading Logs
Renormalization Group Analysis
The branching ratio B(K L → µ + µ − ) has already been measured in experiment [21] . However, since this decay receives important long distance contributions, a complete theoretical treatment is more difficult than in the case of
Recent discussions of this issue have been given in [22, 23, 24] . Yet the pure short distance part of K L → µ + µ − is on the same footing as K + → π + νν and can be calculated by the same methods. Since the computation is very similar in both cases, we will restrict ourselves to mainly quote the final results for
indicating the most important differences to the case of
The effective Hamiltonian inducing the short distance contribution to K L → µ + µ − can be written as
The resulting branching ratio is
The function Y (x) is given by
where [3] 
and [15] 
The RG expression Y N L representing the charm contribution reads
where C N L is the Z-penguin part given in (13) and
is the box contribution in the charm sector, relevant for the case of final state leptons with weak isospin
Note the simple relation to B
For the Z-penguin contribution the change from neutrinos to muons as external leptons is trivial and the corresponding function C N L is the same in both cases. The box-part on the other hand is slightly different for K L → µ + µ − and K + → π + νν since the lepton line in the box diagram is reversed. As a first consequence no internal lepton mass appears in the case of K L → µ + µ − . The renormalization group calculation is however very similar to the one for K + → π + νν.
We comment briefly on the most important differences. Starting point are again eqs. (67)- (69) but with the operator Q now defined as
Using the NDR-scheme and the projection
we have instead of (70)
one then finds
The Wilson coefficient c 2 (µ) is as given in (81), however with different values for B 2 and γ 12 :
Putting all this together, using (56) and setting N = 3, f = 4 one finally obtains (116).
Discussion of the charm contribution
We now turn to the discussion of theoretical uncertainties. In the top-quark sector the residual scale dependence is almost completely eliminated when the O(α s ) corrections are included (112), just as in the case of K + → π + νν. The charm contribution is again more problematic in this respect. In addition it exhibits a somewhat different structure than the charm sector in
To see this, recall that the function Y [15] reads in terms of the Z-penguin-and box-contribution
where, to linear order in x, C is given in (88) and
It follows that the terms of O(x ln x) and O(ax ln x) both cancel in
We will briefly comment on the most prominent differences of Y N L and X N L . 
HereỸ L is defined to be the leading log function but including the numerically important term x(µ)/2, although this is not fully consistent in this approximation. The effect of a b-quark threshold, which we neglect, is also larger here (∼ 1%) than it was for X N L .
The µ-dependences are illustrated in fig.7 where the leading log result is shown without (Y L ) and including (Ỹ L ) the non-logarithmic term x/2. Since the residual µ-dependence turns out to be quite pronounced even in NLLA, one may start to worry about the validity of perturbation theory. At least the scale ambiguity is substantially reduced when going from leading logs to NLLA. We will take the observed variation as an estimate for the theoretical uncertainty even in this case and briefly discuss the consequences in the next subsection. Fortunately the 
Formula (126) 
in NLLA.
In the case of ̺ the uncertainty ∆̺ = 0.28 present in LLA is reduced to ∆̺ = 0.10
This theoretical uncertainty in the short-distance part of K L → µ + µ − left over even after inclusion of next-to-leading order corrections together with the poorly known long distance contributions makes this decay unfortunately less suitable for the determination of standard model parameters than K + → π + νν.
Summary
In this paper we have given a detailed analysis of the theoretical prediction for the rare decay K + → π + νν in the standard model. We have performed the first calculation of QCD effects in this process at the next-to-leading order. This required two different approaches, the inclusion of the full O(α s ) correction to all orders in m t /M W for the top-quark contribution [14, 15] and a two-loop renormalization group calculation in the charm quark case performed here. Compared to the previous leading-log estimates [4, 5, 6 ] the main benefits of our analysis are:
• The scale ambiguity in the top quark mass can be essentially removed.
• The scale dependence is substantially reduced in the charm sector. Consequently the uncertainty due to the choice of m c (µ) stressed in [7, 8] is also reduced automatically.
• The next-to-leading renormalization group calculation allows a meaningful use of Λ M S for the charm contribution.
• The non-logarithmic mass terms ∼ x c and the effect of the tau-lepton mass can be incorporated consistently.
• The renormalization scheme dependence in QCD corrections to non-logarithmic terms addressed in [5] can be avoided.
The consequence of these improvements is a considerably reduced uncertainty of the theoretical prediction for B(K + → π + νν) and in the related determination of CKM parameters from this decay.
As a byproduct of the analysis of K + → π + νν the short-distance part of K L → µ + µ − has been obtained in NLLA. In this case the scale uncertainties are also reduced considerably compared to the LLA, but the residual ambiguity is larger By contrast, no further theoretical uncertainty is present in K + → π + νν besides the residual uncertainty due to the truncation of the (RG improved) perturbation series, which illustrates the clean nature of this decay. For the determination of |V td | this ambiguity amounts to roughly 7%, compared to about 30% in LLA, for typical parameter values. The remaining uncertainty is almost entirely due to the charm sector.
We have also analyzed the impact of next-to-leading corrections to K + → π + νν on the determination of the parameters (̺, η), relevant for the unitarity triangle.
The inclusion of these corrections considerably reduces the uncertainties in (̺, η) present in LLA.
We remark in this context that, since the charm sector does not matter for the CP violating mode K L → π o νν, the standard model prediction in this case is extremly accurate after the inclusion of QCD corrections. In fact this decay is then essentially free of theoretical uncertainties, which makes the challenging search for K L → π o νν particularly desirable. Similar comments apply to B → X s νν.
For details see [15] .
The residual theoretical ambiguity in K + → π + νν is much smaller than uncertainties coming from the various input parameters involved. Clearly, to be able to take advantage of the clean theoretical prediction, further progress has to be made on this side. The most important tasks for the future are the determination of the top quark mass, a more accurate determination of |V cb | and above allhopefully -a measurement of K + → π + νν.
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